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1. INTR~OUCTI~N 
As the vast literature on the subject shows [ 1, 2, 5,6, 11, 121, there is no 
need to introduce yet another notion of compactness in fuzzy topology. 
The purpose of this paper is then also quite different. The philosophy is 
actually the same as the one set forth already in [9, 10, 133, namely that of 
developing a technique with which we no longer merely decide whether a 
space has a given property or not but with which we actually measure a 
degree to which it has this property. 
For the notion of compactness, as introduced in [S], this is obtained by 
verifying level by level to which degree finite subcovers of a given open 
cover are defective in reaching the same level as the original cover. 
We prove a number of consistency results of the concepts we thus 
introduce and, further, we shall also prove that these concepts fulfil the 
desired invariance properties, in particular the Tychonoff product theorem, 
and we shall characterize them by means of convergence [4,7]. 
Finally, to illustrate purpose and meaning, we shall consider an example 
which is exceptionally well suited to this end, namely the space with fuzzy 
topology induced by a collection of Lipschitz functions, and which was 
introduced in [S]. 
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2. PRELIMINARIES 
We do not recall notations which by now are standard and can be found 
in easily accessible literature. We do recall that for any set S by 2”’ we 
mean the collection of finite subsets of S. By slight abuse of notation, we 
denote co(X) the fuzzy topological space generated by a topological space. 
If 5 is a prelilter [7] on X then 
V(8):= {EEZJ VpE~3XExp(X)>&) 
and 
as in [7]. For definitions and results in convergence in fuzzy topological 
spaces we refer to [4,7]. 
We now recall the definitions and basic properties of the fuzzy 
topological space which we shall use as an example later [S]. If (X, d) is a 
metric space and we fix 6 > 0, the family 
d(6) := {~EI~I~ is (l/6)-Lipschitz) 
is a nontopological fuzzy topology on X. X equipped with this structure is 
denoted X(6). This space contains all the information of the metric n A 6 
and enables a conceptually topologicallike study of the metric space 
(X, d A 5). 
For any x E X and LYE Z, we denote $; the (open) fuzzy set defined as 
Then the collection 
is a subbasis for d(6). In [8] it was shown that X(6) is compact if and only 
if (A’, d) is totally bounded. We shall see here that this result can be refined 
with the measures of compactness we shall introduce. 
3. BASIC RESULTS 
We start with the basic definitions. Let X be an arbitrary fuzzy 
topological space. 
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DEFINITION 3.1. For any tl E I, and E E 10, CX[ we say that X is 
(a, &)-compact if each open a-cover has a finite sub-(cr - &)-cover. 
DEFINITION 3.2. For any c( E Z, we say that X is CC+-compact if it is 
(a, &)-compact for all E E 10, cr[. 
DEFINITION 3.3. For any E E 10, l[ we say that X is C-compact if it is 
(a, &)-compact for all c1 E ]E, 11. 
Note that the foregoing definitions constitute a “dissection” of the notion 
of compactness in fuzzy topological spaces as introduced in [S]. A space X 
is indeed compact if and only if it is (~1, &)-compact for all c( E I,, and 
E E IO, a[, if and only if it is c( + -compact for all tl E I,, and if and only if it is 
c--compact for all E E 10, l[. 
DEFINITION 3.4. We define the compactness degree of X as 
c(X) := sup{ 1 -E) X is C-compact}. 
We shall now derive some elementary results. Proofs are omitted since 
they are quite immediate. 
PROPOSITION 3.1. The following hold: 
(1) IfX is (a, E)-compact, a’ 2 a, and E’ > E + (a’ - CI) then X is (u’, E’)- 
compact. 
(2) Zf X is a+-compact, tl’ k a, and E’ > a’ - a then X is (a’, &‘)-com- 
pact. 
(3) ZfXiss --compact and E’ 2 E then X is E’ --compact. 
PROPOSITION 3.2. The following hold: 
( 1) Zf X is compact it is a +-compact for any a E I,. 
(2) Zf X is compact it is E P-compact for any E E 10, 1 [. 
(3) Zf X is compact or a+ -compact for some a E Z, or 6 -compact for 
some E E 10, l[ then it is (a, E)-compact. 
Easy counterexamples show that none of these implications is reversible; 
we leave this verification to the reader. It is also important to note that all 
concepts introduced are good extensions [6]. 
PROWSITION 3.3. Zf X is a topological space then the following are 
equivalent: 
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(1) X is compact. 
(2) o(X) is compact. 
(3) w(X) is r+ -compact for some SI E IO. 
(4) o(X) is E -compact for some 6 E 10, 1 [. 
(5) o(X) is (a, &)-compact for some a E 1, and c E 10, a[. 
(6) c(X) > 0. 
ProoJ In the following diagram (1) o (2) was shown in [S] while all 
other implications are immediate from the definitions: 
(l)-=-(2)=(3)*(5) 
u d 
(4) * (6) 
u 
(5) 
Consequently we only need to verify (5) =S (1). Let 99 be an open cover of 
X, then { l,[ GE Y} is an open a-cover in o(X) for which there thus exists 
a finite sub-(a --&)-cover { 1,1 GE%}. Clearly F& is a finite subcover 
of 9. 1 
The following result is again immediate from the definitions. 
PROPOSITION 3.4. X is compact if and only if c(X) = 1. 
We shall now look at some invariance properties with regard to 
continuous images. 
PROPOSITION 3.5. Let X and x’ be fuzzy topological spaces and 
f: X + X’ continuous and onto then the following hold: 
(1) If X is (a, &)-compact then x’ is (a, &)-compact. 
(2) rfXis a+ -compact then X’ is a +-compact. 
(3) ZfXis E -compact then X’ is E --compact. 
(4) c(Y) 2 c(X). 
Proof: It suffices to verify (1) since the others are immediate consequen- 
ces. This, however, also is an immediate consequence of well-known 
properties of images and preimages of fuzzy sets. 1 
4. CHARACTERIZATION BY MEANS OF CONVERGENCE 
THEOREM 4.1. The following are equivalent: 
(1) X is (a, E)-compact. 
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(2) For any prefilter 5 such that 1 - a + E E W( 5) there exists x E X 
such that adh g(x) > 1 - a. 
(3) For any prime prefilter 3 such that 1 -a + E E V(g) there exists 
x E X such that lim s(x) > 1 - a. 
ProoJ: (l)=(3) Let 3 be prime and such that 1 -a+EE%?(s) then for 
any finite subcollection go c 5 we can find x E X such that 
sup (1 - F)(x) < a - E. 
PEih 
Consequently, no finite subfamily of 
is an (a - &)-cover which by supposition implies that there exists x E X such 
that 
sup (1 - P)(x) < a, 
rt5 
i.e., such that lim s(x) > 1 -a. 
(3) * (2) We first prove the following assertion, 
ASSERTION. There exists 6 E PM(g) such that S’(8) = W(B). 
ProojI Indeed, it suffices to take an ultrafilter % finer than 
9 := b-%9 uP45Yw5)~ 
andtoputOi:=5~o(~)E~~(5).Thenif8EV(S),sinceforany~LEwe 
have CL- ‘10, 1 ] E % it follows that sup p A 1 U > 0, i.e., 8 E U(s). The other 
inclusion is, of course, trivial. 
Now let $j be a pretilter such that 1 - a + E E U(g) and let 8, E pm(s) 
such that %(Q,) = S’(g). Let x,, E X be such that lim @,(x0) > 1 - a. Then it 
follows from Proposition 2.10 of [4] (see also the proof of Theorem 2.6 of 
[7]) that 
adh 5(x,,) = sup lim 6(x,) 2 lim (5,(x,) > 1 -a. 
6E%m(5) 
(2) = (1) Let r be a collection of open fuzzy sets such that no finite sub- 
collection is an (a - &)-cover. Put 
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then clearly 1 - c( + E E %( 5) and consequently there exists x E X such that 
adh 3(-u) > 1 -r, i.e., I- is not an a-cover. [ 
COROLLARY 4.2. The following are equivalent: 
(1) X is CI + -compuct. 
(2) For any prefilter 3 such that c(g) > 1 - x there exists x E X such 
that adh g(x) > I- CC. 
(3) For any prime prefilter 5 such that c(g) > 1 - cc there exists x E X 
such that lim s(x) > 1 - CC 
Proof. It suffices to notice that 1 -cc + E E V(g) for some E E 10, a[ if 
and only if c(g) > 1 - CI and then the result follows at once from 
Theorem 4.1. 1 
COROLLARY 4.3. The following are equivalent: 
(1) X is E -compact. 
(2) For any prefilter 5 and any c E q(s) there exists x E X such that 
adh s(x) > c - E. 
(3) For any prime prefilter 5 and any c E %‘( 5) there exists x E X such 
that lim g(x) > c -E. 
Proof It suffices to notice that both conditions (2) and (3) are vacuous 
if C<E and that if C>E and we put C--E= 1 -a then the result follows 
upon a straightforward application of Theorem 4.1. 1 
5. TYCHONOFF THEOREMS 
First we shall prove some new fuzzy versions of Alexander’s subbase 
lemma. Let r be a subbasis for the fuzzy topology on X. 
THEOREM 5.1. The following are equivalent 
(1) X is (a, &)-compact. 
(2) Each a-cover with open sets chosen from F has a finite sub-(a - E)- 
cover. 
Proof: We only need to prove (2) + (1). Put 55’ the set of all collections 
of open sets such that no finite subfamily is an (a - E)-cover. It is clear that 
%?’ is of finite character [3] and thus it follows from the Tukey lemma that 
if we take /i E %? then there exists a maximal family /? E V such that n c 2. 
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ASSERTION. Zf pg& y,, . . . . y,, are open and pay, A ... A y,,, then there 
exists k E { 1, . . . . n} such that yk~;i. 
Proof: Indeed if 8 is open and 8 $2 then by maximality of ii there exist 
P1r . . . . P~E;~ such that ~9 v pi v ... v II, 2 c( - 6. Consequently, no open 
set larger than 8 can belong to A. Analogously, if 5 is open and 5 $2 we 
can find v, , . . . . v,E;1”suchthattvv,v ... vv,acc-E.Itthenfollowsalso 
that 
(8r\~)vp,v ... vpmvv,v ... vv,>cr--& 
which shows that no open set larger than 8 A 5 can belong to ;i. By 
induction we now have that if yi $2, . . . . yn ~4 2 then p 4 2, which proves the 
assertion. 
Now consider ?i n I7 By supposition we have 
sup;?nr$ ~1. (*I 
For any p E 2, any XE~-‘]O, 11, and any 6 E 10, p(x)[ there exist 
n;, . ..) 1: E r such that 
n‘j A ... A A;<11 
and 
n:(X) A . . . A n;(X) >/L(X) - 6. 
By the assertion, since p E 2, there exists k E { 1, . . . . n} such that 1: E 2. For 
fixed x E p -‘IO, 11, considering that 6 was arbitrary and that 1: E r as well, 
we thus obtain that 
supjidsup2nr 
which together with (*) shows that ;i and, consequently ,4 too, is no 
a-cover. By the arbitrariness of /1 E W this proves the theorem. 1 
The following results are immediate consequences of the foregoing 
theorem. 
COROLLARY 5.2. The following are equivalent: 
(1) X is a+-compact. 
(2) For each E E 10, a[, each a-cover with open sets chosen from r has 
a finite sub-(a - &)-cover. 
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COROLLARY 5.3. The following are equivalent: 
(1) X is E -compact. 
(2) For each r E ]E, 11, each u-cover u,ith open sets chosen from r has 
a finite sub-(@ - E)-cover. 
We shall now turn to proving the fuzzy versions of Tychonoffs product 
theorem. 
THEOREM 5.4. Let (Xj)jtJ be a family of spaces such that X, is 
(crj, E,)-compact then for any pair (a, E) such that 
C1 1 s”PjcJ OrJca 
(2) a-inf,,,(cc,-E,)<.s 
it follows that njEJ X, is (a, &)-compact. 
Conversely if (X,),. E J is a family of spaces such that njcJ X, is (a, E)- 
compact then each space X,, j E J, is (a, &)-compact. 
Proof For each je J let Ai denote the fuzzy topology on X,. Let 
@c {pr,:‘(v)JvEAj, jEJ} 
be such that no finite subset of @ is an (a - E)-cover. If we put, for each 
jE J, 
Y,:= {vEAjIpr,:‘(v)E@} 
then it follows by straightforward verification that no finite subset of Y, is 
an (a --E)-cover or, consequently by (2), an (gj- sj)-cover. Since Xj is 
(aj, &,)-compact it thus follows that Yj is not an a,-cover. Pick xj E X, such 
that 
sup v(x,) < aj. 
YE Y, 
If we now put x := (x~)/=~ then it follows that 
sup d(x) = sup sup V(Xj) < sup cij < a. 
4E@ jcJ YEY, jeJ 
By Theorem 5.1 this proves njE J X, is (a, &)-compact. 
The converse is an immediate consequence of Proposition 3.5. 1 
COROLLARY 5.5. Let (Xj)jeJ be a family of spaces such that Xj is 
or,+-compact then for any pair (a, E) such that 
(1) SUPjE J cij < ci 
(2) a-infj,,uj<s 
it follows that njE J Xj is (a, &)-compact. 
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Conversely, if ( Xj)jE J is a family of spaces such that nj,, X, is 
a+-compact then each space X,, je J, is a +-compact. 
Proof Choose 6 > 0 such that a - infjeJ aj f 6 <a and put sj := 6 for 
each Jo J. Then it follows that each space Xj is (ai, sj)-compact and, by 
Theorem 5.4, that njE J A’, is (a - &)-compact. 
The converse again follows from Proposition 3.5. 1 
COROLLARY 5.6. Let (X,)j,J be a family of spaces such that X, is 
E,:-compact and supjEJ ~~ < 1, then for any E E ]supj,, Ed, l[, it follows that 
nj., X, is e--compact. 
Conversely, if (Xi), E J is a family of spaces such that njeJ X, is 
E --compact then each space X,, j  E J, is E -compact. 
Proof Let (a, E) be such that 
SUpEj<E<CI 
je.J 
and choose a’ such that a’ < a and a - a’ < E - supjtJ .a/, and put aj := a’ for 
all Jo J. Then it follows from Theorem 5.4 that &,, Xi is (a, e)-compact. 
The converse again follows from Proposition 3.5. [ 
THEOREM 5.7. For any family of spaces (Xj)jEJ we have 
C n Xj =)~~C(Xj). 
( 1 iEJ 
Proof Let us put c := inf,,, c(X,). If c=O then c(JJjtJXj)2c. 
Otherwise for any E > 1 -c choose E’ such that E > E’ > 1 -c then X, is 
E ‘--compact for all Jo J. By Corollary 5.6 this then implies that nj,, X, is 
~--compact, which in turn implies that 
c n Xj 2 inf c(X,). 
( > .i E J jcJ 
The other inequality is immediate from Proposition 3.5. 1 
6. AN EXAMPLE 
We consider an arbitrary metric space (X, d) and a fixed 6 > 0, and we 
let X(6) be the fuzzy topological space as defined in the preliminaries and 
as introduced in [8]. 
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PROPOSITION 6.1. For any F E 10, 1 [ und tl, [j E ]e, 11, the following are 
equivalent : 
(1) X(6) is (a, &)-compmt. 
(2) X(6) is (/?, &)-compact. 
Proqf: Suppose 0 <E < CI < /I< 1. Let X(S) be (a, &)-compact and let 
Y c Y(6) be a /?-cover. Define 
@ := ((v-(P-a)) v OJVE Y); 
then @ is an open cc-cover which consequently contains a finite sub- 
(a - &)-cover QO. Clearly, 
Y” := {vl(v-(P-a)) v OEq)) 
is a finite sub-(/? - &)-cover of ‘Y. 
Conversely, if X(6) is (B, &)-compact and Y c Y(6) is an @-cover then put 
@:={(v+(j?-a))/\ llVEY} 
and proceed analogously. 1 
The following are immediate corollaries. 
COROLLARY 6.2. For any CI, /I E Z, the following are equivalent: 
(1) X(S) is u+-compact. 
(2) X(6) is /I+-compact. 
COROLLARY 6.3. The jbllowing hold: 
(1) X(6) is compact if and only if it is 1 +-compact. 
(2) c(X(6)) = sup{ 1 - EI X(6) is (1, &)-compact). 
The previous results have reduced the study of compactness properties 
and the compactness degree of X(6) mainly to a study of (I, c)-com- 
pactness. This is completely solved by the following theorem. 
THEOREM 6.4. The following are equivalent jbr any E E 10, 1[: 
(1) X(6) is (1, E)-compact. 
(2) There exists u ,finite set Y c X and r < 8~ such that X= 
UJ.E y WY, r). 
ProqJ: ( 1) * (2) The collection 
{$~m~‘)j”fxcX, nE N,} 
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is an open l-cover of X. Consequently there exists a finite set of pairs 
(xi, ni)r=, such that 
{l/q-“‘yi= 1, . ..) k} 
is a (1 - &)-cover of X. Now since E < 1 this means that for each x E X there 
exists iE { 1, . . . . k} such that 
d(x, Xi) Q 8& - 6/n,. 
Consequently, if we put 
Y := {X1) . ..) x,} 
and we choose r such that 
it follows that X= UvE y B(y, r). 
(2) + ( 1) Suppose that for some set D c Xx Z, the collection 
(IL41 (z, a)ED) 
is a l-cover. Now choose Y and r as stated in (2) and for each y E Y choose 
(2.” 7 a,) E D such that 
i):(y)> 1 -:(&-I). 
Then if x E X and we take y, E Y such that x E B( y,, r), it follows that 
Sup $4e(x) 2 P;(x) = a.,.0 - f d(x, z,.,) v 0 
yeY ( 1 
3 I-j(&-r)--!r 
( > 
VOBl-& 
which by Theorem 5.1 proves X(6) is (1, &)-compact. 1 
As an immediate consequence we are back to Theorem 6.1 of [S]. 
COROLLARY 6.5 [S]. The following are equivalent 
(1) X(6) is compact. 
(2) (X, d) is totally bounded. 
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